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Abstract: Exact solutions to the Navier—Stokes’s equations for nonlinear viscous flows are
investigated. These solutions belong to Lin's class of solutions, which are velocities that are linearly
dependent on a portion of coordinates. This enables these solutions to be used to understanding
large-scale processes of nature for example in the ocean and atmospheric phenomena. The precise
solution obtained describes the flow of a vertical vortex fluid. The consideration of inertia forces
and the nonuniform velocity distribution on the fluid layer's free boundary results in a vertical twist
in the fluid. This solution describes counterflows of an incompressible fluid for flows in a thin layer.
As a result, the exact solution of Navier—Stokes’s equations for nonlinear viscous flows are
obtained. This solution describes counterflows of an incompressible fluid for thin-layer flows. As a
result, the exact solution of Navier-Stokes’s equations obtained describes a novel mechanism of
momentum transfer in a fluid. The objective of this research is to obtain the solutions of the exact
solution of Navier-Stokes’s equations and analyze the results. From the finding from the analyzed
results, it is demonstrated that stagnation points exist for the flow of a vertical vortex fluid in an
infinite layer with permeable boundaries.
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1. Introduction flows. Conditions for its solvability were determined in by
Yu. D. Shmyglevskii, along with a classification of exact
solutions [7]. Aristov et. al. investigated the potential of
obtaining accurate solutions for three-dimensional Couette
flows [8]. The velocity components were linearly
dependent on two coordinates in the solutions that resulted
as in Note on a Class of Exact Solutions in Magneto-

Hydrodynamics, by Lin [9].

The Couette flow and Stokes flows of two types are
examples of nonlinear flows of a viscous incompressible
fluid [1, 2]. Corresponding precise solutions are frequently
thought of as linear Stokes’s system solutions [3, 4], but
they are also complete Navier—Stokes’s system solutions.
The study of nonlinear of a viscous incompressible fluid
flows can be reduced in some situations to solving issues

of fluid motion in no inertial coordinate systems, such as
the Ekman and Poiseuille flows [2, 5]. Shear flows are an
appropriate notion for understanding large-scale processes
for example in the ocean and atmospheric phenomena.
Some researchers provide a collection of known exact
solutions for layered and shear flows. The beginning of the
systematic study of nonlinear of a viscous incompressible
fluid flows was laid in [6], in which a few corresponding
exact solutions of the Navier—Stokes’s equations were
given.  The  Navier-Stokes’s  system  became
overdetermined, which necessitated the study of such

The solvability of an overdetermined system of
Navier—Stokes’s  equations  for  three-dimensional
nonlinear of a viscous incompressible fluid flows of a
viscous incompressible fluid is discussed in this study. The
velocity components of the equations of motion can be
reduced to two connected quasilinear parabolic equations
using a consistent analysis of their compatibility. The
reduced equations allow the development of numerous
classes of exact nontrivial solutions, with the solutions [10]
that have the Lin class structure stated as a particular case.
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2. Mathematical Model — Undetermined Approach

We write the Navier-Stokes equation for viscous fluid
steady motion and the incompressibility equation, both
projected on the axes of a rectangular Cartesian coordinate
system. We obtain the stationary system of nonlinear
partial differential equations shown below:
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Here, Vy, Vy and V; are velocity vector components; P
is pressure divided by density p, v is the coefficient of
kinematic viscosity. The exact solution of the system (1) is
found in the following form:

Vi (x¥,2)=U (2)
Vy (% y,2)=V (2)+xv(2) (5)
V,=w

The exact solutions (5) describe the flow of a
permeable vertical vortex fluid. V, = w = const. > 0 is
assumed to be a constant value for the vertical velocity
component. A fluid outlet from the fluid layer boundaries
is defined by the velocity V,. The fluid's motion is assumed
to be isobaric, which means that the pressure is a constant
function.

P(xy,2)=Py (6)

The exact solutions (5) generalize the solution family
for isobaric [11], gradient [12] and convective [13] large-
scale flows of a viscous incompressible fluid. We
substitute the solutions (5) and (6) in the system (1-4) and
project the obtained expressions on the axes Oy, Oy, O.. We
obtain the system of partial differential equations,
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Because all the functions U, V, and v, are dependent
exclusively on the coordinate z, the partial derivatives in
equations (7) can be denoted with a prime. For the
definition of the functions U, V, and vi, we use the
undetermined coefficients approach and create the
following system of ordinary differential equations:

vU"-wU'=0;
W —wV'-Uy =0 (8)
w—wv; =0
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The resultant system of equations is reduced to a
nondimensional form. To accomplish so, we'll use the
scale variables listed below. A scale | characterises the
horizontal coordinate x, while the fluid layer thickness h
characterises the vertical coordinate. Similarly, two
velocity scales are introduced. In this situation, the
homogeneous terms of the hydrodynamic velocity fields
have the following scale variables.

[U]w

The second equation of the system (8) transformed by
considering the chosen characteristic dimensions of
velocities and coordinates as,

vV"M—V’M—le[U]M:O;
h2 h I

U
vV"i—V’ﬂ—leu:o
h2 h I
Multiplying the transformed equation by the number
ha/v. We obtain,

2
V”—WV’[W]h—UV]_ [U]h :O,
v vl

V"—Re, WV'—52Re, Uy, =0.

The Reynolds number relative to the horizontal
(longitudinal) velocity is Re,=[U]l/v; the Reynolds
number relative to the vertical (transverse) velocity is
Rew=wh/v; and the characteristic scale ratio is 0=A/l. In the
same way, the remaining two equations are reduced to a
nondimensional form. The equations that arise are as
follows:

U"—Re, U'=0;
V"—Re,V'-5?Re, Uy, = 0; 9)
vi —Re, v =0.

3. Exact Solutions for the Nonlinear System of
Equations

The general solution for the system of ordinary
differential equations (9) has the form,
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where C;, i=1,6 are integration constants.
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To find the integration constants, we use the boundary
value issue. On the bottom boundary, the no-slip criterion
is met. The velocities at the top permeable border are
represented in non-dimensional form as,

forz=0 U(0)=V(0)=v;(0)=0;

forz=1U (1)=cose, V (1)=sina, v(1)= 2;2 (12)
u

The modified Taylor number is Ta=2QF/N, and Q
represents the value of the vertical vorticity component on
the fluid layer's upper boundary. The solution (11) of the
equation system (10) then has the form, due to the
boundary conditions (12).
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We investigate the solution for equations (13), (14) and
(15). The functions U and v, are monotonic, and at the
lower boundary, z=0, they become zero. Figures 1 and 2
illustrate the graphs of the functions U(z) and vi(2),
respectively.
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Fig. 1 - Schematic diagram of circular pipe

Let us now investigate the velocity V. We represent the
function V in a multiplicative form as,

V(z)=z1(z)
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Fig. 2 - Schematic diagram of circular pipe

We investigate the velocity V(z) for the possibility of
the existence of counterflows, i.e. the existence of zeros on
the interval, ze(0; 1). The condition of the existence of
such zeros is as follows:

£(0).f (1)<0

The values of the function f(z) at the point f=0 and z=0
is calculated by the formulas.

£ (0) lim V(z) _  Reysina
250 2 1-exp(Rey,)
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On the z-axis, the function V(z) has one zero point (0;1).
As a result, the counterflow in the current reaches a point

of stagnation, resulting in the presence of counterflows in
the fluid, as seen in Fig. 3.
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Fig. 3 - Schematic diagram of circular pipe
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For various values of the modified Taylor number, Fig.
4 shows the localization of the roots of the function V(z) on
the interval ze (0;1). When the centrifugal forces exceed
the viscous friction forces, the solution V(z) is localised
around the upper boundary, according to the physical
meaning of the Taylor number.
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Fig. 4 - Schematic diagram of circular pipe
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4. Conclusion

For three-dimensional Navier—Stokes’s equations for
nonlinear viscous flows, a generalisation of the stable
classical Couette solution was found. It has been
demonstrated that stagnation points can exist in
hydrodynamic fields when specific physical constants and
boundary conditions are enforced. The localization of the
roots of the exact solutions was used together with
undetermined coefficient method to investigate the
qualitative and quantitative features of the obtained exact
solutions in the class of linearly increasing velocities along
horizontal coordinates.
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